
146 INZHENERNO- FIZICHESKII ZHURNAL 
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UDC 536.2 

A method of simulating some problems of the heat conduction type 
with moving boundaries is examined. Two problems with exact 
solutions are simulated. 

In a number  of heat conduction (O r diffusion) prob-  
l ems  it is n e c e s s a r y  to invest igate  reg ions  where a 
phase i n t e r f a c e  va r i e s  with t ime .  The law of motion 
of the in ter face  mus t  be found f rom physical '  cons ide r -  
at ions.  Examples  are  the wel l -known prob lems  of 
Stefan, Verigin,  and others .  There  a re  no analyt ical  
solut ions of such p r o b l e m s ,  with r a r e  except ions ,  
and the known n u m e r i c a l  methods r equ i r e  grea t  effort  
and t ime.  The e l ec t r i ca l  model ing method [1-4]  is very  
effect ive in giving an approximate  solut ion to p rob lems  
of this type. 

The p r e sen t  paper  desc r ibes  a method of s i m u l a -  
t ing ce r ta in  p rob lems  with moving boundar i e s ,  p rob-  
l ems  of the Stefan and Verigin type, the method being 
di f ferent  f rom that of [1-4] .  

We shal l  examine  the equat ions 

c(x) 0U 0 ( O-U ] _ b(x)~(x, t), 
at Ox \-k (x) - 5 ;  1 

O < t < T ,  O < x < g ( t ) ,  (1) 

c (x) O U - -  O ( k ( X ) ~ x  ) - -  Ox 

0 < t < T ,  y( t )  < x < l  (2) 

with the in i t ia l  condit ion 

D (x, O) = ~ (x), o < x < c, g (x, o) = q~ (x), 

c < x < l, c = g ( 0 )  (3) 

and boundary  condit ions 

~l]~ (0, t) = - - -q  (t), kU, (l, t) = - -  q (t) (q, q >/0), (4) 

where  

k=k (0 ) ,  k = k ( l ) .  

The law of motion of the phase in ter face  is  given 
by the equation 

~/(v (t), t) v'  (t) = k (V (t)) U~ (v (t), t) - -  

---k(y(t))UJx(y(t ), t ) + * f l y ( t ) ,  t). (5) 

On the phase in ter face  one of the following condit ions 

is given: 

U (g (t), t)-- U (g (t), t) = U0 =const (6) 

(Stefan's  problem) or  

u (v (t), t) = L: (y (t), t), (7) 

~z 5x (v (t), t) = c, u ,  (v (t), t) ( s) 

(Ver ig in ' s  problem).  The p r e sence  of condit ion (5) 
reduces  these p rob lems  to a n u m b e r  of non l inea r  ones 

[51. 
We shal l  a s sume  that the following congruence  con-  

di t ions are  fulfil led: 

~' (0) = - -  q(0), ~' (t) = - -  q (0), ~ (c) = ~ (c), a?p' (c) = a~' (c), 

and that a unique solut ion exis t s  for both p r o b l e m s .  
Impl ic i t  d i f ference scheme for approximate  solut ion 

of the problem.  We int roduce a network in the regions  
[0,y(t)],  [y(t), l], by dividing the segment  0 -< x _< l at 
points x i into N equal par t s  with step h, where x i = 
= ih, i = 0 , . . . , N ,  in such a way that the point c is one 
of the d iv is ion points .  Let x k = kh = c. We choose the 
s teps with r e spec t  to t ime,  rk,  to depend on h in such 
a way that in each in te rva l  y k the value of y changes 
by h, i . e . ,  Yk - Yk-t = h, where Yk is the approximate  

value ofy(t)  at t ime  t = t  k = E  z~. 
i=1 

We rep lace  p rob lem (1)-(8) by the following dif-  
fe rence  problem,  in o rde r  to de te rmine  T n and ap-  
proximate  values Uin, Uin of functions U (x,t) and 
U(x, t) at the points x i, tn: 

. . . .  1 (ki  6 x U t , , - - - k ' ~ 6 ~ S i - i , ~ ) - - b i U f . ,  ci ~t Ui. : --ffz 

i =  1,2 .. . . .  k + n - - l ,  (9) 

Q 5t U., : :  ~-l(k;6xU,n--k76~U,_ ,, , ) - -by ,n ,  

i = k + n - - l , . . . , N - - l ,  n = l  . . . .  , N  (10) 

k 6x Uo,, = - -  q(t,,_,) . . . .  q-~_,, (11) 

k f ,  UN_t, ~ = - - q ( G - O  . . . . .  q~-,, (12) 

-Llio=-~i, i =  1 , . . . , k ;  Uio=q~i, i = k  . . . .  , N .  (13) 

At points of the in ter face  y(t) we have 

Uk+,, n = U~+,. n = U0 (14) 

(Stefan's  problem);  

L/k+~, ~ = Uk+ . . . .  (15) 

cL 6xUk+n_l. n = a6xUk+n, n (16) 

(Verigin '  s problem);  

7n-,h/zn = knfxU~+..  ~ - -k~6xUk+~-t  , k~ -- k(y~). (17) 
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}{ere 

I 1 
~,tz,,~ = - -  (zi~ - -  z . . . .  ~ ), 8~ z,.~ = {z,+~.~ --- ~,~). 

Tn " t~ -  

Z; = Z i + i l  , Z; ~:  Z i _ , ,  2. 

We so lve  the n o n l i n e a r  s y s t e m  of eq u a t i o n s  ob ta ined  
for  UL_n, Uin,  rn  with the aid of i t e r a t i o n .  Thus ,  if 
Ui~, Uik, r k ( k =  1 , . . . , n -  1) have a l r e a d y  b e e n  
fecund, then to d e t e r m i n e  Uin,  U in '  rn, we i t e r a t e  
a c c o r d i n g  to the s c h e m e  

, , (s l  ] - - ,  - - ( s )  - - ( s }  - I > l  
= - -  5 i ' , ,  , ( 1 8 )  

== o~ ~',-I. ,,) - -  b,L ,!.~ I (19) ,'~ :,, u,!2' -7 

7 lsl - (20) ,,~ = % U*~ ~> = q~i, 

k 6 .  tY',l~ 1 q~_~, k 6~ '~(~) (21) . �9 - -  ' d N - - l ,  n - = - -  q n  , 

~,,{ s) If(s) ~+~, ,~ = ~ +  .... = L'0, (22) 

•i(•/ . , ~ )  ( 2 3 )  " k ? n ,  n - -  W ' k + n  ,z , 

- -  t ~ ( s  ) (24) 

iI I %rt 

, , ' "  ]} (25,', - -  kn ~.v ~k+a. n , 

1 
~, : ,2 ,=  (z,!?-z, ..... ,), F _ , ~  ~, ,_,-  q,,_~- %_,.  Tr(s) 

If the g iven  va lue  is  rn (~ > 0, then ,  f rom the s y s t e m  
g ~  

we ob ta in  r(n 0 , -  and so on. 
A s s u m i n g  that  q-(V)>/q-(t'), q ( t ' )  q(t') for  any t" _> 

_> t' ~ 0,q-(0 q(0. - #(0) - -r  7~i~.% - a ( 0 ) ,  ~ i~n~--  

L" 5 , q , _ :  ~ 0, -k[ .5,%.--  k, 6/~,~_ ~ > O when 0 - < x ~ l ,  and 
u s i n g  the method  of [5 ,6] ,  it  may  be shown that ,  for  
any a s s i g n e d  value  r~ u)'" >0, the i t e r a t i o n s  (18)- (25)  
will  be un ique ly  d e t e r m i n e d  for  any s > 0, and t .~  ~, 
U~.', I, ~ w i l l  c o n v e r g e  to the so lu t ion  Uin,  Uin, rn of 
the s y s t e m  (9 ) - (16 ) .  

The above r e s u l t s  may be ex tended  to the m o r e  
g e n e r a l  case .  Spec i f i ca l ly ,  we shal l  e x a m i n e  the 
equa t i ons  

/( .r ,  t, L', b'~, U,,.) ~ -  

0 ('/r(.v) O~ )--~,(.,-, t, 5,  u,,-L,, ,)  C(.r t), 

OU 
c(v. t, U, U.,. ~',,) . . . .  

Ot 

with in i t i a l  cond i t ions  (3), b o u n d a r y  c o n d i t i o n s  

ku~(o, t) = - -q( t ,  u(o, t)), kU~(l, t) = - -q( t ,  b' d, 0), 

conditions at the moving interface (6) - (8)  and 

~, (x, t, u ,  ~', u , ,  C'x) ~Y (t) k (x) u~ (x, t) - -  -k (x) ux-' ~., t) + 

+ r (x, t, u,  ~,  u . ,  F4). 

The l a s t  e x p r e s s i o n  is  e x a m i n e d  with x : y(t).  If,.,., 
put t ing  

~, ,_,=~(:~ ,. cT(o , t : :  e)). q,, , = o ( t , _ , . f ; ( l , t ~  ,)~ 

4 . -c ,  . . . .  ~ : ~ (x ,  t ,  L:', U., ,  U * * L  ,,, ~, 

ci = ci. ,, _~ = c (x,  t, U,  U , ,  U,. , ,)t-t , ,_~, 

t L ~= t,,. ,~ I = b  (x, t, U, U~, U~,)~=~,,_, 

b i = b, . . . .  1 = b (x ,  t, U ,  U , .  U~ , ) t=% -I 

r ,, ~ = r (.r, l, U, tY, U~, L],) f - t ,_l  

in (9 ) - (25) ,  it  can be shown that  the i t e r a t i o n s  con -  
v e r g e  to the so lu t ion  of the s y s t e m  (9 ) - (17) .  

As r e g a r d s  a g r e e m e n t  be tween  the d i f f e r e n c e  p r o b -  
l e m  so lu t ion  and the exac t  so lu t i ,m,  the r e a d e r  should  
r e f e r  to [5 ,6] .  

E l e c t r i c a l  c i r c u i t  of  mode l .  The s y s t e m  (18) - (25)  
and i ts  c o r r e s p o n d i n g  i t e r a t i o n  a r e  not  v e r y  s u i t a b l e  
for  n u m e r i c a l  so lu t ion  b e c a u s e  of the l a r g e  n u m b e r  of 
c a l c u l a t i o n s ,  but  the s y s t e m  does p e r m i t  a s i m p l e  
so lu t ion  on the  e l e c t r i c a l  r e s i s t a n c e  model  e x a m i n e d  
below.  

Let us  e x a m i n e  the e l e c t r i c a l  c i r c u i t  ahown in the 
f igu re .  We sha l l  denote  the p o t e n t i a l s  at tnc m~des 

P0 . . . .  ' P N b Y  V 0 , . . . , V  N, r e s p e c t i v e l y .  Let  

/,>< ,h., 2 R, &-,- ~_%R. 
~i Ci 

R I =  ! - R  (i 1 . . . . .  k - t  n - - l ) ,  
bl 

R, : k= R, # , .=  �9 R, R I .  

l 
. . . .  R ( i~  t e + n  ; 1 , . . . , N - - I ) ,  

b i  

~'k-~-.., = O, R I. rR, , #'r rRj, 

V 1 = rhq~, ~ l .  1~ I - - r h q , ,  V.  Va.:~: UoV,  

where R, Vare s(ale factors for resistance and the 

variable U, and r is "I sufficiently large positive 

number. At the free ends othe resistors ~i we as- 

sign potentials Vi, n-I = Ui, n-i V, where Vi0 = coiV. 
Using  K i r e h h o f f ' s  law for  each  nodal  Feint  Pi ,  i t  

is easy  to shrew that the s y s t e m  of e q u a t i o n s  for  po-  
t e n t i a l s  Vin at nodes  Pi c o i n c i d e s  with the f in i t e -  
d i f f e r e n c e  s y s t e m  of the Stefan p r o b l e m ,  if only r n 
is know~. 

For  the n o n I i n e a r  Stefan p r o b l e m  

R~= h~" R, # , , -  ~" R, R I 
~'~ C~, ,z ', 
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"? YY T'Y? 
E l e c t r i c a l  c i r c u i t  of  m o d e l .  

1 
- .  R,  i = l , . . . , k + n - - 1 ,  

~bi, n--I 

~ R, R~ 

1 
~ R , i = k + n + l , . . . , N - - l ,  

hi, n--t 

R k + , = O ,  R r = r R x ,  R r = r R l '  

'V r = rh-q,_,V, V r = - -  rhq ,_y ,  Vk+" = UoV. 

To m o d e l  the V e r i g i n  p r o b l e m  we m u s t  put  

h 2 

m i  s 

1 R, i 1 ,  k + n  1 . . . . .  

h2 '~n 
% Cl 

RI = m R, i = k - k n + l  ..... N - - I ,  
bi 

~,~+.= cO, ~ ' r =  rRj, R r = r R  N, 

~/r ~ rhq,,-IV, VI . . . . . . . .  mrhqn-lV' 

w h e r e  m = kn~/[%c~ . 
In the n o n l i n e a r  c a s e  we h a v e  

h 2 1 

Ci, n l Di. n--I 

Ill 
~ R, R i _ b  R, R i 

~h,.!,,= ' , ~ r ' = r R l '  R r :  : r R x ,  

~'i = rhq,,-IV, VI . . . . . .  mrhq,,_~V. 

In c o n f o r m i t y  with the  i t e r a t i o n  p r o c e s s  in (18) - (25) ,  
we a s s i g n  a r b i t r a r y  r(n ~ > 0. T h e n  the  r e s i s t a n c e s  Ri  
a r e  d e t e r m i n e d  f r o m  the  c a l c u l a t i o n  f o r m u l a s ,  and 
thus  a l l  the  -UI~, '~, UI~, '1 in the e l e c t r i c a l  c i r c u i t  a r e  found. 

Then  r(n t) is  c a l c u l a t e d  f r o m  (25), and  =m b ,,,, L i!,] a r e  
found,  and so  on.  The  i t e r a t i o n  is  s topped  when a 
g iven  a c c u r a c y  fo r  r n is  a t t a ined .  In going  f r o m  n = n 1 

to n = n 1 + 1, the poin t  of phase  s e p a r a t i o n  Pk+n m o v e s  
to the nex t  node to the r i gh t .  The  changes  which m u s t  
then  be  i n t r o d u c e d  into the  e l e c t r i c a l  c i r c u i t  in the  
v i c i n i t y  of node  Pk+n a r e  s i m p l e  and s e l f - e v i d e n t .  

As an i l l u s t r a t i o n  of the a p p l i c a t i o n  of  the above  

me thod ,  we p r e s e n t  the  r e s u l t s  of  m o d e l i n g  two s i m p l e  

p r o b l e m s  and c o m p a r e  t h e m  with  the e x a c t  s o l u t i o n s .  

Le t  us  e x a m i n e  the  fo l lowing  S te fan  p r o b l e m :  

L / t=  4 U ~ x l 0 < x < 3 ,  0 < t < . 2 3 . 4 1 ,  U ~ 0 ,  ()(0, x ) ~ 0  

with b o u n d a r y  cond i t i ons  

- -  1 kUx(3, t) = O. kU~(O, t) = - -0 .4555 - ~ - ,  

I ts  a n a l y t i c  so lu t i on  has  the f o r m  

err (x/ V 20 
5" (x, t ) =  1 

e r i ( a / V 2 )  ' 

U : ~ 0 ,  g ( t ) = a Y t ,  a = 0 . 6 2 0 .  

In the  m o d e l  we took h = 0.2; the  r e s u l t  found by 

m o d e l i n g  was  c~ = 0.628. 
Le t  us  now e x a m i n e  the  V e r i g i n  p r o b l e m .  

U , = 2 U x x ( 0 < x < g ( 0 } ,  u t = g , ~ ( g ( t ) < x  < 2},  

- -2U~(0,  t) = 0.7740 1 
I/ t  

I 

u (x, o) = o, E/~ (u (t), 0 = u~ (~j (t), t), E; (u (l), 0 = u (u (0, t), 

u' (t) = 5',~ uj (t), t ) -  2 5~ (u (t), t). 

I ts  a n a l y t i c  so lu t ion  has  the f o r m  

(-J (x, t) = J - -  1.3723 err ( x / Y  16 t), 

U(x,  t) = 1.0344[1 - -  e r I (x /1 /~)] ,  

!/(t) = a l / t - ,  a = 0.724. 

In the  m o d e l  we took h = 0.1, and the r e s u l t  found by 
m o d e l i n g  was  ce = 0.726.  The  e r r o r  in d e t e r m i n i n g  c~ 
was 1.5% for  the Stefan  p r o b l e m  and 0.3% for  the 
V e r i g i n  p r o b l e m .  Both p r o b l e m s  w e r e  m o d e l e d  on an 

E I - 1 2  e l e c t r o - i n t e g r a t o r .  On the a v e r a g e  4 - 5  i t e r a -  
t i ons  w e r e  r e q u i r e d  to d e t e r m i n e d  T n, t ak ing  into a c -  
count  that  rf "~ == "~,_, . The n u m b e r  of  i t e r a t i o n s  m a y  
be r e d u c e d  if  r~ ~ is  chosen  c l o s e  to r n. 

It should  be noted that  the  p r i n c i p a l  e r r o r  of  the  

m e t h o d  is  d e t e r m i n e d  by the  quan t i ty  h. 

NOTATION 

U(x, t), ~(x, t)--body temperature or pressure: t--time; x--space 
variable; q(t)--heat or fluid flux; k, ~-thermal conductivities or filtra- 
tion coefficients; 7-latent heat of fusion lot solidification), or spe- 
cific porosity: c, F-specific heat; b, b--heat transfer or diffusion co- 
efficients with respect to external medium; U0-fusion Isolidification) 
temperature. 
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